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¢ Hosford, M. J. and Rosebrock, T. L. ‘“The ballistic pendulum
applied to pulsed plasma acceleration,” Allison Div., General
Motors Corp., EDR 2253 (March 1962).

Reply by Authors to D. L. Clingman and
T. L. Rosebrock

T. J. Gooping,* B. HavyworTH,f AND R. H. LovBERG]
General Dynamics/Astronautics, San Diego, Calif.

IN a previous paper,' the authors wanted to illustrate that
the simple ballistic pendulum is subject to error, and
effects such as were observed should be considered before
accepting impulse data obtained with pendulums. It was
not intended to condemn ballistic pendulums per se; in fact,
it was hoped to apply this technique in the authors’ present
work.

The solution to the ablation problem proposed by D. L.
Clingman and T. L. Rosebrock seems to be a good one. An-
other approach simply is to reduce the energy density of the
plasma at the surface of the pendulum by moving the pendu-
lum away from the plasma accelerator so that the beam can
spread radially and axially; however, the pendulum must
become larger to collect all of the beam.

Received January 31, 1963.

* Staff Scientist, Space Science Laboratory. Member ATAA.

+ Senior Physicist, Space Science Laboratory. Member ATAA.

1 Consultant, Space Science Laboratory. Member ATAA.

1 Gooding, T. J., Hayworth, B. R., and Lovberg, R. H., “Use
of ballistic pendulums with pulsed plasma accelerators,” ARS J.
32, 1599-1600 (1962).

Comment on “Invariant Two-Body
Velocity Components”

S. P. AutmMan® anp J. S. PisTINERT
Unsted Atireraft Corporate Systems Center,
Farmington, Conn.

IN a previous paper,! Cronin and Schwartz discussed the
invariant two-body velocity components of orbital body
motion. Speculation was presented on possible useful appli-
cations of this property of invariance to the solution of two-
body trajectory problems.

Since about three years ago, various studies of such applica-
tions have been conducted and are continuing. As noted in a
XIITth International Astronautical Congress paper,? addi-
tional literature on such applications is available.3~1¢ Also,
Newton’s paper® is based upon this invariance property.

In general, the invariance of the specified orbital velocity
components describes a circle that defines the orbital velocity
vector in inertial space. This figure is known as the velocity
hodograph, originally discovered by Hamilton and Mdgbius.
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Explicit Solution of the “Three-Moments
Equation”

T. WoLrr*
GFD Fluid Dynamics, New York, N. Y.

HE solution of the “three-moments equation” given by

the author! requires the search for eigenvalues and eigen-
vectors of a certain operator. To remove these difficulties
and to find the explicit solution, one can substitute, instead
of a finite-difference operator and boundary conditions, a
new operator that transforms the boundary-value problem
into an algebraic equation, without previously solving the
problem. Commutation properties of this operator with
Green’s function make it possible to find the solution in
classical form.

The “three-moments problem’ has the notation

LmnMn = _Gm
My = My = 0 n=01,...,N @

where the finite-difference operator L and boundary condi-
tions can be written as follows:

} n=201...,N (2
My =My =20
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and corresponding equation for the Green’s function in the
form

Lmkan - _amn (3)

The most popular method of solution of boundary-value
problems like the foregoing is founded on Green’s function.
With its help, the moment on the nth support has the value

M n = Gnka (4)

To modify this method and to change the finite-difference
operator L and boundary values (2) into single operator R
or to change the boundary-value problem (1) into the
algebraic equation

RmnMn = —'Gm ('5)

the operator L will be expanded. The eigenvalues can be
found from the equation I — AL| = 0 or from the equivalent
equation

[5m,n - )\k(am,n-i-l + 45m,n + 6m.n——l)] Sin(kwm/N) =0 (6)

where
1

= 2[2F cos(kr/N)]

and N — 1 is the number of rows and columns in matrix L.
But it is easy to prove that sin(kwn/N) represents the com-
ponents of the eigenvectors of L. To carry out the ner-
malization, these quantities must be multiplied by a constant
factor, and then one gets the “projection tensors”

Ax

N N
Pm,n;lc = % L, (k‘ﬂ"ﬂ) (7)
s AT .
7=0 N

Thus one can write the operator R, which substitutes for
(2) in expanded form,

R = N P 8
and for Eq. (5) as follows: v
A/ NP iisMn = —Gn 9
From (9), with help of the tensor property of P,
PP, = du (10)

one gets, after multiplication from the left by P;, the explicit
solution of the ‘“‘three-moments equation:”

My = —NiPin;Gn (1)
The comparison of (11) with (4) yields Green’s function
Gum = —NPunit 1=01....N (12)

The comparison of (12) and (8) reveals that R and G are
commuting operators. This property distinguishes the opera-
tors R and (2). After summation, it is possible to write
Green’s function (12) in the form

(_1)n+k
2 sinhe

Wi = —NPo st = {sinh\n ~ ko —

sinh(n + o +2 sinhno smhko} 13)

tanhN o

where sinhe = 3VY2. Then the explicit solution (11) takes
more compact form:
M, = WonGn (14)

Adding to (14) regular part, one can write the solution of the
boundary value problem "

A[n+1 + 4z‘/jn + ﬂ[n-l = —'Gn
My = M, My = My n=2~01...N (15
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as follows:
M, = WGy — (—1)¥+ (sinhno/sinhN o) X
[(—=1)¥e¥* Mo — Myl + (—1)mer* M,  (16)
To facilitate insight into the structure of Green’s function

(12) and (13), one can take, as in the previous case, N = 3.
Then )\1 = %, )\2 = %, and

Sm'lr_m ; ™ ; 2rm 271;7&
1 3 sin 3 1 sn—3 sm——3
Gnm = - 5 3 +§ 3 21m
> st(—) > s1n2<——)
n=0 n=0

o= ej

Assuming, for example, N = 3 and the load terms, G, =
G» = %pl?, one obtains from (15) the following expression for
moments:

M, =M, = .1 —sinho + 3 sinh30 —
2 sinho
inhdo + 2380 [Ginhe — sinh2o +
sinhdo + o - [s nh2¢

sinh3 o] }%—pl’ = —g5pl

in agreement with previous results.

Test Time in a 1.5-Inch-Diameter
High-Stagnation-Enthalpy Shock Tube

V. A. SanpBorN,* H. WrisBLATT, T AND R. F. Fraca]
Avco Corporation, Wilmington, Mass.

N a recent article, Hoshizaki! questioned the validity of
heat transfer measurements? made at high-stagnation-
enthalpy conditions in a 1.5-in.-diam shock tube. The point
in question is the available testing time in low pressure, high
shock Mach number flow in a small diameter shock tube.
The present note on test time measurements in the 1.5-in.-
diam shock tube appears necessary to establish the validity of
these measurements. Since the measurements proved to be
quite accurate compared with Hoshizaki’s theory and experi-
mental results (as well as more recent data obtained by Rose
and Stankevics® at the Avco Everett Laboratory), it would
be expected that the test time was adequate.

The original heat transfer measurements relied on the heat
transfer calorimeter gage to indicate test time. Camm and
Rose? recently found that calorimeter measurements indicate
steady test times that are longer than those determined by
other methods. Apparently, the heat transfer is not changed
by the change in composition of the flow at the interface.
Since heat transfer is proportional mainly to the enthapy and
density rather than temperature or composition, Camm and
Rose suggest that heat transfer is unchanged by trace im-
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